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We bound the L2-norm of an L2 harmonic 1-form in an orientable cusped
hyperbolic 3-manifold M by its topological complexity, measured by the
Thurston norm, up to a constant depending on M . It generalizes two in-
equalities of Brock-Dunfield. We also study the sharpness of the inequalities
in the closed and cusped cases, using the interaction of minimal surfaces and
harmonic forms. We unify various results by defining two functionals on
orientable closed and cusped hyperbolic 3-manifolds, and formulate several
questions and conjectures. Using similar decomposition principles, we also
obtain results on eigenvalues of infinite volume geometrically finite hyperbolic
manifolds.
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A cusped hyperbolic manifold is a complete non-compact hyperbolic man-
ifold with finite volume. By Mostow rigidity, the topology of a closed or
cusped hyperbolic manifold M of dimension at least 3 determines its geom-
etry. Effective geometrization attempts to seek qualitative and quantitative
connections between the topological invariants and geometric invariants of
the manifold. For example, given the fundamental group, what do we know
about the injectivity radius, diameter, or 2-systole of the manifold (see [1–4])?
By a conjecture by Bergeron and Venkatesh, and similar conjectures inde-
pendently proposed by Lück and Lê in [5, 6], one can extract the volume of
a closed (arithmetic) hyperbolic 3-manifold, by the following:
Conjecture 1.1. ([7]) Let Mn be a sequence of congruence covers of a fixed
arithmetic hyperbolic 3-manifold M . Denote the degree of the cover by [π1M :
π1Mn]. Then we have





where H1(Mn) is the abelianization of π1(Mn) and (·)tor is the torsion part
of an abelian group.
For recent progress and other related works on this conjecture, see [8–12].
In [13], Bergeron, Sengün and Venkatesh have another striking conjecture
that H2 of the Mn above can be generated by integral cycles in H2(Mn,R)
with low topological complexity, as measured by the Thurston norm or the
Gromov-Thurston norm on singular chains (see Chapter 2 for detailed def-
initions of the Thurston norm). On the other hand, in a general closed
Riemannian manifold M , one can measure the complexity of a cycle in




α ∧ ∗α, for φ ∈ H1(M),
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where α is the harmonic representative of φ from the Hodge theory for closed
manifolds. Bergeron, Sengün and Venkatesh proved a beautiful theorem
regarding the two norms:
Theorem 1.2. (13, Theorem 4.1) If M varies through a sequence of finite
coverings of a fixed closed orientable hyperbolic 3-manifold M0, then we have
C1
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2 ≤ C2‖ · ‖Th on H1(M ;R) (1.2)
where C1 and C2 depend only on M0.
The above theorem is another example of effective geometrization, where
one bounds the geometric complexity of φ ∈ H1 by its topological complexity.
In [14], Brock and Dunfield removed the assumption of Mn being covers of a
fixed closed manifold M and obtained the following inequality:
Theorem 1.3. [14, Theorem 1.2] For all closed orientable hyperbolic 3-
manifolds M one has
π√
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2 ≤
10π√
inj(M)
‖ · ‖Th on H1(M ;R). (1.3)
Compared to [13], Brock and Dunfield introduced the use of minimal sur-
faces and harmonic expansions of harmonic functions in H3 in the proof. In
particular, the proof of the left-hand inequality uses the uniform bounds on
the principal curvatures for a stable minimal surface in a closed hyperbolic
3-manifold and the Gauss-Bonnet theorem. It is interesting to note that the
left-hand side has been approached by very different techniques. Kronheimer
and Mrowka and Lin use estimates for the solutions of the Seiberg-Witten
equations in [15,16]. Bray and Stern in [17] use the harmonic harmonic level
set techniques, Bochner technique and the traced Gauss equations. The proof
of the right-hand inequality combines several ideas. It uses explicit compu-
tations for the series expansions of harmonic functions and an inequality
bounding L∞-norm of a 1-form in a ball by its L2-norm in the same ball,
reminiscent of the mean value property of harmonic functions. As computa-
tions are done locally in the universal cover H3, a covering lemma is provided,
taking into account how many duplicates are induced when a small ball in
M is lifted to H3.
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1.1 A glimpse at the non-compact case
It is natural to wonder whether a version of 1.3 still holds when M is cusped
or infinite-volume. However, the L2-norm can depend on the geometry near
infinity in a subtle way, probably not captured by the topology. The geometry
of the cusped case is well-understood and much simpler than that of the
infinite-volume case. Even if we only consider the cusped case, this question
turns out to be nontrivial and interesting. Problems one naturally encounters
include:
1. One immediate challenge is that the injectivity radius of M is zero
and the right-hand side of 1.3 is trivially true. We have to modify the
inequality so that it can bound the L2-norm of the 1-form by a finite
quantity. This issue will be resolved in a natural way after we have
a deeper understanding of Hodge theory on non-compact hyperbolic
3-manifolds and minimal surface theory in this context.
2. Originally, 1.3 are for H1(M) ∼= H2(M) where M is closed. Brock
and Dunfield use the geometric stability of least area incompressible
surfaces in closed hyperbolic 3-manifolds heavily, where one has uniform
control on the principal curvatures on such surfaces and the area is
bounded from above and below by some constant multiples of the Euler
characteristic. In the non-compact case for H2(M), one can have closed
surfaces homotopic to ones arbitrarily deep inside the cusps, and the
uniform control on curvature is no longer as clear. In addition, the
Thurston norm ‖ · ‖Th is no longer a genuine norm on H2(M) by the
following example. Let T be a boundary-parallel torus. If M has more
than one cusp, then [T ] 6= 0 in H2(M) but ‖T‖Th = 0. In this case one
can question how useful such an inequality is. Even if we restrict the
consideration to closed surfaces with genus at least 2 in the thick part,
depending on its homotopy class it might have regions that can enter
the cusp arbitrarily deep, resulting in unbounded area.
3. On the other hand, if we look at φ ∈ H1(M), ‖φ‖L2 may blow up.
For M closed, by the classical Hodge theory, each φ ∈ H1 has a har-
monic representative, naturally with finite L2-norm. When M is non-
compact, there exists φ ∈ H1(M) such that ‖φ‖L2 = ∞: through a
relatively straightforward computation in Lemma 2.10, we demonstrate
3
Figure 1.1: The blue torus T homotopic to infinity has area→ 0 and
Thurston norm 0
that for an incompressible properly embedded non-compact surface like
the thrice-punctured sphere, the dual 1-form α has infinite L2-norm.
Figure 1.2: The blue thrice-punctured sphere properly embedded in a
cusped manifold M
1.2 Main theorem
It is perhaps surprising that the solution to all the issues mentioned above
for a cusped M can be resolved by one simple condition:
ψ ∈ H1(M): ψ can be represented by an L2 and harmonic 1-form α.
Denote by H1 the space of L2 harmonic 1-forms on M . In [18] (see also
equation (1.4) and comments before that in Mazzeo and Phillips [19]), Zucker
showed thatH1 is isomorphic to the image of the natural inclusion of the com-
pactly supported first cohomology Im(H10 (M) → H1(M)). We first provide
a self-contained introduction to Hodge theory for non-compact hyperbolic
4
manifolds in Section 2.3, based on [19], and then analyze the topology of
the dual surfaces of the 1-forms in this space in Section 2.4, and show that
the Thurston norm restricted to this space is an actual norm in Lemma 2.11.
We also point out the beautiful coincidence that the dual surfaces are exactly
those described recently in Huang and Wang [20, Corollary 1.2]:
Corollary 1.4. Let S be a closed orientable embedded surface in a cusped
hyperbolic 3-manifold M3 which is not a 2-sphere or a torus. If S is incom-
pressible and non-separating, then S is isotopic to an embedded least area
minimal surface.
This corollary will provide us with enough regularity so that we obtain
estimates similar to the ones for stable incompressible minimal surfaces in
the closed hyperbolic case. In [20, Theorem 1.1], Huang and Wang show
that for each cusped M , there is a canonical height τ to truncate cusps
off M relative to the maximal volume cusp boundary to obtain a compact
manifold Mτ with boundary so that any least area closed incompressible
non-separating minimal surface stays in Mτ [20, Theorem 5.9, Corollary 5.7]
(τ = τ3). One may naturally attempt to propose the following generalization
of the Inequality (1.3) for an orientable cusped hyperbolic 3-manifold M :
π√
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2 ≤
c√
inj(Mτ )
‖ · ‖Th on H1(M) (1.4)
where c is a explicitly computatble constant independent of M . Unfortu-
nately, when we truncate the cusps, the boundary provides an essential term
with a different order of decay. We manage to prove
Theorem 1.5. For all cusped orientable hyperbolic 3-manifolds M one has
π√
vol(M)






}‖ · ‖Th on H1(M)
(1.5)
1.3 Topology and the Thurston norm of harmonic
forms
In Chapter 2, we analyze the topology of the space of L2 harmonic 1-forms
on an orientable cusped hyperbolic 3-manifold M , using the isomorphism
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H1 ∼= Im(H10 (M) → H1(M)) from [18, 19]. We prove that this isomorphism
is actually an isometry:
Proposition 1.6. Let M be a cusped orientable hyperbolic 3-manifold. The
space of L2 harmonic 1-forms (H1(M), | · |L2) is isometric to (Im(H10 (M)→
H1(M)), ‖ · ‖L2).
In Section 2.4 we characterize the surfaces dual toH1 as the incompressible
and non-peripheral closed surfaces in M , which are the closest analog of the
surfaces in H2(M
′) for M ′ closed and hyperbolic. The Thurston norm on
H2(M,∂M) is a genuine norm. A natural corollary (Lemma 2.11) on the
Thurston norm restricted to H1 is the following:
Lemma 1.7. If M is a cusped orientable hyperbolic 3-manifold, then ‖ · ‖Th
on H1 ∼= Im(H2(M)→ H2(M,∂M)) is a genuine norm.
In general the Thurston norm is only a semi-norm. In Section 2.5, we also
point out that the hyperbolic metric is important for 1.3 and Theorem 1.5,
as it might be impossible or useless to bound the L2-norm by the Thurston
norm, when the Thurston norm fails to be a norm. For example, in the flat
3-torus, such an inequality may behave like 0 ≤ 1 ≤ 0 (see Section 2.5).
In elliptic manifolds, there are no incompressible surfaces by considering the
fundamental groups, and there are no L2 harmonic 1-forms by Bochner type
arguments. One interesting question is on which of the 8 geometries we have




L2 HARMONIC FORMS AND
COMPACTLY SUPPORTED
COHOMOLOGY
2.1 Basic definitions of L2 harmonic forms
Let M be a smooth Riemannian manifold of dimension n. We denote the
space of smooth differential k-form on M by Ωk(M) and the subspace of
forms with compact support by Ωk0(M). When the underlying manifold M is
clear, we simply denote the two spaces by Ωk and Ωk0. The exterior derivative
is denoted by d.
Definition 2.1. The k-th de Rham’s cohomology group of M is defined by:
HkdR(M) =
{φ ∈ Ωk(M) : dφ = 0}
dΩk−1(M)
By de Rham’s theorem, we will denote HkdR(M) by H
k(M), the singular
cohomology, where we always use R coefficients unless specified otherwise.
Definition 2.2. The k-th de Rham’s cohomology group with compact support
of M is defined by:
Hk0 (M) =
{φ ∈ Ωk0(M) : dφ = 0}
dΩk−10 (M)
Next we define L2 forms. Denote by dx1, dx2, ..., dxn a local orthonormal




φIdxi1 ∧ dxi2 ∧ ... ∧ xik
where φI ∈ L2loc are locally 2-integrable functions. The space L2Ωk(M) is









Note that when M is non-compact and the form does not have compact
support, the L2-norm of a form can still be defined as long as the local









The formal adjoint of d on Ωk0 is:
d∗ : Ωk+10 → Ωk0
which is defined by the following condition:
∀φ ∈ Ωk+10 and β ∈ Ωk0,
〈d∗φ, β〉 = 〈φ, dβ〉
Note that it can also be defined on k-forms using the Hodge star operator by
d∗φ = (−1)n(k−1)+1 ∗ d ∗ φ.
The Hodge Laplace operator
∆ = dd∗ + d∗d : Ωk0 → Ωk0 (2.1)
is a second order symmetric elliptic operator. When the metric is complete,
by Gaffney [21], the L2 closure of the operator ∆:
∆ : L2Ωk → L2Ωk (2.2)
is essentially self-adjoint. Its domain is {ω ∈ L2Ωk : dω, d∗ω, dd∗ω, d∗dω ∈
L2}.
Definition 2.3. The L2 harmonic k-forms are defined by
Hk(M) = {φ ∈ L2Ωk(M) : ∆φ = 0}
where ∆ = dd∗ + d∗d. The above definition is equivalent to
Hk(M) = {φ ∈ L2Ωk(M) : dφ = d∗φ = 0}
when the metric on M is complete by [21].
Using the Hodge-de Rham decomposition of L2Ωk(M) (also called Kodaira
decomposition, see Carron and de Rham [22,23]):
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L2Ωk(M) = Hk(M)⊕ dΩk−10 (M)⊕ d∗Ωk+10 (M).
Definition 2.4. Relative and absolute boundary conditions for forms: Con-
sider a manifold M with boundary ∂M , with ι : ∂M → M is the natural
inclusion map. For a k-form α, the relative boundary condition is ι∗α = 0,
while the absolute boundary condition is
∫
ν




multiplication with the inward pointing unit normal vector field ν on ∂M .
The relative boundary condition resembles Dirichlet boundary condition
f |∂M = 0 for functions, while the absolute boundary condition resembles
Neumann boundary condition ∂f
∂ν
|∂M = 0, where ν is the unit normal vector
field on ∂M pointing outward. When M is the interior of a compact manifold
M with compact boundary ∂M : M = M − ∂M , the kth cohomology with
compact support Hk0 (M) is isomorphic to the relative cohomology group of
M :
Hk0 (M) = H
k(M,∂M) :=
{φ ∈ Ωk(M) : dφ = 0, ι∗φ = 0}
{dψ ∈ Ωk−1(M) : dψ = 0, ι∗ψ = 0}
(2.3)
where ι : ∂M →M is the inclusion map.
2.2 Basic definitions of 3-manifold topology and
surfaces
Throughout the paper M is an orientable closed or cusped hyperbolic 3-
manifold, unless noted otherwise. When M is orientable and cusped, it is
the interior of an orientable irreducible compact 3-manifold M with toroidal
boundary. The boundary of M refers to ∂M . This is coincident with the
compactification of cusped hyperbolic manifold as in Mazzeo and Phillips
[19]. By 2.3, H10 (M) = H
1(M,∂M). A 2-sphere embedded in a 3-manifold
is incompressible if it does not bound a 3-ball. There is no incompressible
2-spheres in M . Such surfaces with higher genera can exist in M .
Definition 2.5. An orientable closed smoothly embedded surface S ↪→ M
other than a 2-sphere is incompressible if π1(S)→ π1(M) is injective.
Intuitively, an incompressible surface is a surface where every essential
loop is not contractible when S is embedded in M . It is a classical fact that
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every nontrivial [S] ∈ H2(M) for both closed and cusped M can be repre-
sented by closed smoothly embedded incompressible surface. This follows
from Poincaré duality and regular value theorem in Thurston [24]. We will
henceforward assume every class in H2 is represented by such closed smoothly
embedded incompressible surface.
Definition 2.6. A surface S is peripheral if it is homologous to a union of
boundary components. A surface is non-peripheral if it is not peripheral.
When M is closed, every nontrivial [S] ∈ H2(M) can be represented by a
non-separating surface. When M is cusped, a nontrivial class [S] ∈ H2(M)
can be represented by a separating surface, where each component of M −S
contains a boundary component of M , or it can be represented by a non-
separating surface (it can be called non-peripheral). When M is closed hy-
perbolic, there is no essential sphere or torus, and hence every [S] ∈ H2(M)
is represented by a closed (possibly disconnected) surface of genus at least 2.
When M is cusped, H2 can contain a incompressible boundary-parallel torus,
but the closed incompressible surfaces in H2(M) all have genus at least 2.
2.3 Hodge theory on cusped hyperbolic 3-manifolds
This is a self-contained section on Hodge theory on cusped hyperbolic 3-
manifolds, in particular for the space of L2 harmonic 1-forms H1. Most ideas
are adapted from [19], which builds a Hodge theory for geometrically finite
hyperbolic n-manifolds with possibly infinite volume, generalizing the results
on cusped manifolds from Zucker [18], and obtains asymptotic estimates for
L2 harmonic k-forms near infinity. The particular case that we are interested
in is the following from [18,19]:
Lemma 2.7. Let M be an orientable cusped hyperbolic 3-manifold. Then H1
is isomorphic to Im(H10 (M)→ H1(M)), where H10 (M) is the first cohomology
with compact support.
We will show later that this isomorphism of vector space is an isometry,
when both are equipped with L2-norm. From [19], the isomorphism can be
interpreted in the following way. Take α ∈ H1, by doing a perturbation
supported near infinity, we obtain φ ∈ H10 such that α is cohomologous to φ
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in H1. The specific construction is in Proposition 2.9 when we promote the
isomorphism above to an isometry. From basic algebraic topology, H10 (M)
is isomorphic to H2(M) by Hatcher [25, Theorem 3.35]. There is a subtle
but important difference between Im(H10 (M)→ H1(M)) and H10 (M), which
turns out to be crucial for the main theorem. Consider a boundary-parallel
torus T in a cusp. It is clear that T ∈ H2(M), and a 1-form α dual to T can
be chosen to be compactly supported around T . The 1-form α has Thurston
norm zero, and it is not obvious that its harmonic norm is zero. Moreover,
as it exits to infinity, its area is approaching zero. Fortunately, [T ] = 0 in
H2(M,∂M) and hence [T ] = 0 in Im(H2(M) → H2(M,∂M)), equivalent to
[α] = 0 in Im(H10 (M)→ H1(M)). We can also see this from a computation
of L2-norm. Place T as a quotient of the horosphere z = c in the upper
half-space model. A 1-form dual to T is α = f(z)/zdz where f(z) is a bump


















→ 0 as c→∞
The third equality above is a simple estimate from
∫
f/zdz = 1. If [α] 6= 0
in H1(M), one of the components of the closed surface dual to α must have
genus at least 2, as there are no essential spheres or essential tori. For non-
compact properly embedded incompressible surfaces, we will show they are
dual to 1-forms with infinite L2 norm. We also need an asymptotic control
on the L2 harmonic 1-forms that is developed in [19]. We reformulate their
Theorem 4.12 into the one we need:
Theorem 2.8. If α ∈ H1, then on a neighborhood of a rank-2 cusp α =
φ+ βdz where
|φ| = O(e−λz) and β = O(e−λz)
for some λ > 0, where φ is a 1-form and β is a function, both depending
parametrically on z, the height coordinate in the upper half space model of
H3.
Essentially, the idea of the exponential decay is the following. One writes
down the Laplacian equation for the 1-forms in the cusps, using separation of
variables. Then this is equivalent to solving some Fourier-Bessel equations,
which in this case either grow exponentially or decay exponentially. Since α ∈
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L2, this implies that it must decay exponentially. For people familiar with
number theory, this is consistent with, for example, Elstrodt, Grunewald and
Mennicke [26, Theorem 3.1]. The isomorphism H1 ∼= Im(H10 (M)→ H1(M))
is actually an isometry. Equip Im(H10 (M)→ H1(M)) with a natural L2-norm
by the following definition:
‖φ‖L2 := inf{|ψ|L2 | ψ ∈ H10 , cohomologous to φ in H1}. (2.4)
Proposition 2.9. Let M be a cusped orientable hyperbolic 3-manifold. The
space of L2 harmonic 1-forms (H1(M), | · |L2) is isometric to (Im(H10 (M)→
H1(M)), ‖ · ‖L2).
Proof. The proof follows from the proof of [19, Theorem 3.13]. Fix a cusp
neighborhood N = [t,∞) × T2, with coordinate (y, x). The first step is to
compactify the cusp at infinity and introduce s = 1/y as new coordinate.
Now N = [0, ε)×T2 for some small ε > 0. The compactification is actually a
natural and powerful way to establish theorems for some of the non-compact
manifolds. Now M is treated as a compact manifold with boundary, with
s = 0 corresponding to ∂N . Near ∂N or s = 0 a harmonic 1-form α can be
written as
α = γ(s) + h(s)ds (2.5)
where h ∈ C∞(M). Here γ, h should be treated as forms and functions de-






which is just integrating to ∞ in the original y-coordinate. If α is a 1-form,
Rα is a smooth function. One can verify that near s = 0, one has
α = dRα +Rdα + γ(0) (2.7)
The second term Rdα is defined similarly to Rα for a 1-form α, where we
decompose it into components without and with ds, and then integrate. Since
α is harmonic dα = 0, and α = dRα + γ(0). Take a cutoff function f(s)
equal to 1 near s = 0, supported in N . Now f(s)Rα is globally defined.
With i : ∂N → N the inclusion, i∗(f(s)Rα) = 0 and α − d(fRα) vanishes
near ∂N . We apply the above construction in each of the cusp components.
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The map
F : H1 → Im(H10 (M)→ H1(M)), F (α) = α− d(hRα) (2.8)
is an isomorphism as proven in [19, Theorem 3.13]. We will use functions
fi with increasingly small support to construct a sequence of smooth forms
with compact support αi such that
|α− αi|L2(M) → 0 (2.9)







If α ∈ L2 forces γ(s) = γ(0) = 0 near s = 0. Define Ni := [0, εi ) × T
2, fi
is a cutoff function equal to 1 near s = 0 with supp(fi) ⊂ Ni and |dfi| ≤ iε .
Define
αi = α− d(fiRα) (2.10)
which implies
























as i→∞, where we use h ∼ O(e−λ/s) by Theorem 2.8.
2.4 Topology of L2-harmonic 1-forms and the
Thurston Norm
The main reference for the Thurston norm is Thurston’s original paper [24].
The Euler characteristic is negative for surfaces with genus ≥ 2, and it is
more convenient to have a positive version of it to measure the topological
complexity. We define for a connected surface χ−(S) = max{−χ(S), 0},
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where χ is the Euler characteristic. Extend this to disconnected surfaces via
χ−(S t S ′) = χ−(S) + χ−(S ′). For a compact irreducible 3-manifold M , the
Thurston norm of α ∈ H1(M ;Z) ∼= H2(M,∂M ;Z) is defined by
‖α‖Th = min{χ−(S)|S is a properly embedded surface dual to α}
The Thurston norm extends to H1(M ;Q) by making it linear on rays through
the origin, and then extends by continuity to H1(M ;R). When M is closed
and hyperbolic, it is non-degenerate and a genuine norm. In general it is only
a semi-norm, for example, for H10 (M)
∼= H2(M) when M is a cusped hyper-
bolic 3-manifold, due to the presence of incompressible boundary-parallel
tori. However, the story is different for Im(H2(M)→ H2(M,∂M)). We first
give a classification of nontrivial classes in H2(M ;Z):
1. Such a class [S] can be separating, and more precisely, peripheral. In
this case, there exists a proper map u : (M,∂M) → (I, ∂I), where
I is a closed interval. If we denote by [dx] a generator for H10 (I),
then the 1-form α dual to S satisfies [α] = [u∗(dx)]. We also have [S] is
homologous in H2 to some boundary-parallel tori, and hence represents
the trivial class in H2(M,∂M). Thus a nontrivial α ∈ H1 cannot be
dual to a closed incompressible peripheral surface.
Figure 2.1: Peripheral
2. The class [S] can also be non-separating or non-peripheral, and this
is similar to the case of H2(M,∂M) ∼= [M : S1], where it is the fiber
of a regular value of a smooth map u : M → S1. If we take u to
be harmonic, or the energy-minimizing representative in its homotopy
class, the harmonic 1-form α = u∗(dθ) satisfying the relative boundary




Conversely, if we have non-compact incompressible surface S with finite
topology whose ends are properly embedded, like a thrice punctured sphere
embedded inside cusped hyperbolic 3-manifolds in Adams [27], then the L2-
norm of its dual 1-form α must be infinite. This is well-known to the experts,
but we provide a short proof for completeness.
Lemma 2.10. If [S] ∈ H2(M,∂M) − H2(M), then a harmonic 1-form [α]
dual to S does not have finite L2-norm.
Proof. If the 1-form α dual to S has finite L2-norm, by Proposition 2.9 and
Im(H10 (M)→ H1(M)) ∼= Im(H2(M)→ H2(M,∂M)), S must be homologous
to the image of a class [S ′] ∈ H2(M), a contradiction.
We can compute the lower bound of the growth rate, using compactification
and change of coordinate s = 1/z and α = γ(s) + h(s)ds, where s = 0






dt = − log s. An elementary computation of the growth
rate upper bound is the following. From Collin, Hauswirth and Rosenberg
[28], we know the ends of such a surface are asymptotic to totally geodesic
infinite annuli inside the cusps. It suffices to do the computation on one
of its ends asymptotic to a truncated cusp Ci. For simplicity, first assume
there is exactly one end of the surface inside Ci and the base of Ci is the
unit square. Parameterize Ci by {{(x, y, z) ∈ H3 : (x, y) ∈ [0, 1]× [0, 1], z ≥
c}}. Since the end is an incompressible totally geodesic annulus inside the
cusp, we can suppose after change of coordinate this end is parameterized by
{(1/2, y, z) ∈ Ci}. In this case, at each horizontal torus Tc, ‖α‖2 integrates to
approximately c2 along a Euclidean geodesic intersecting the end exactly once
and parameterized as {(x, 1/2, c);x ∈ [0, 1]}. Integrating in the z-direction













In particular, it approaches∞ like log z, consistent with the Brock and Dun-
field [14, Theorem 1.4]. A criterion for the Thurston norm to be a genuine
norm is the following [24]: For H2(M ;Z) (or H2(M,∂M ;Z)), if every embed-
ded surface representing a non-zero element has negative Euler characteristic,
then ‖ · ‖Th is a norm. All closed orientable surfaces have even Euler charac-
teristic. When M is cusped, all incompressible tori are boundary-parallel and
there is no incompressible surface with positive Euler characteristic. Thus it
can be seen that
Lemma 2.11. When M is a cusped non-compact orientable hyperbolic 3-
manifold, ‖ · ‖Th on H1 ∼= Im(H2(M)→ H2(M,∂M)) is a genuine norm.
Later we will use the L1-norm to mediate between the least area norm
and the L2-norm. For the purpose of this paper, the norms are used for
computations only and we will not use the full power of the Lp theory of
forms, as in Scott [29]. The L1 and L∞-norms of an L2 harmonic 1-form α




|α(x)|dvol and |α|L∞ = max
p∈M
|αp|. (2.11)
Since an L2 harmonic 1-form α decays exponentially near infinity, its L∞
and L1-norm are well-defined. The L∞ and L1-norm of a 1-form with com-
pact support is defined similarly, and clearly finite. We also define similar
functions on the classes of the cohomology space Im(H10 (M)→ H1(M)):
‖ψ‖L1 = inf{|φ|L1|φ ∈ H10 (M) represents ψ ∈ Im(H10 (M)→ H1(M))}.
(2.12)
When M is closed, the definition of L1-norm is just:
‖ψ‖L1 = inf{|φ|L1|φ ∈ H1(M) represents ψ ∈ H1(M)}. (2.13)
The L1-norm behaves very differently compared to the L2-norm on the coho-
mology space, as it tends to be not realized by a smooth forms. A sequence
of forms φi with compact support converging to φ realizing the L
1-norm on
the cohomology space behaves like convergence of a sequence of bumps func-
tions to a Dirac functional. Later we will use Cauchy-Schwarz inequality to
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bound the L1-norm of α ∈ H1 by its L2-norm. To bound the L2-norm of
α, we need to convert it into some integral of α on a surface S dual to α.
When the manifold M is closed, it is clear by Poincaré duality that integrat-
ing against a closed integral 1-form is equal to integrating against its dual
surface. Specifically, fix a surface S dual to φ ∈ H1(M ;Z) and let α be the






β for every closed
2-form β. In the closed manifolds case, the harmonic form α is closed and
coclosed. In the non-compact case, if the metric is complete, α ∈ H1 implies
α is closed and coclosed. Let α ∈ H1 correspond to φ ∈ H10 (M,Z), dual
to [S] ∈ Im(H2(M) → H2(M,∂M)). Fix a closed surface S dual to φ. By
Poincaré duality for forms with compact support in Bott and Tu [30, I.5], we







a short argument for the following lemma:
Lemma 2.12. Let M be an orientable cusped hyperbolic 3-manifold. Let




∗α for α ∈ H1. (2.14)
Proof. By continuity of the norms, it suffices to prove the equality for α ∈ H1
corresponding to φ ∈ H10 (M,Z). We have
∫
M
∗α ∧ φ =
∫
S




∗α ∧ (α − φ) = 0. Since [φ− α] = 0 in H1, we have φ− α = df
for f ∈ C∞(M). Now if we can show
∫
M
f ∗ α <∞, then∫
M
∗α ∧ (α− φ) =
∫
M
d(∗α ∧ f) = 0,
by Yau [31, Lemma]. Applying the Cauchy-Schwarz inequality and the fact
that α ∈ L2, we only need f ∈ L2. As φ−α = df and φ has compact support,
we have df = α outside a large ball BR. Thus






If ‖f‖L2(M) = ∞, we have f grows at least like O(z), which contradicts the
fact that df = α is decaying exponentially by Theorem 2.8.
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Figure 2.3: The blue essential torus S has Thurston norm 0 but L2 norm 1
2.5 How much does the hyperbolic metric come into
play?
After defining all the norms, we address the short question of how much is
a hyperbolic metric necessary for Inequality 1.3. Recall it is an attempt to
study effective geometrization, that is, for M cusped and hyperbolic, how is
the geometry qualitatively and quantitatively determined by the topology. In
contrast, consider a 3-torus M = T3 as in Figure 2.3, from the gluing of three
pairs of opposite faces of the unit cuboid in R3: {(x, y, z) ∈ R3|0 ≤ x, y, z ≤
1}, where the vertical face {x = 0} is glued to {x = 1} and the vertical face
{y = 0} to {y = 1}, and {z = 0} to {z = 1}. Consider the horizontal torus
S = {z = 1
2
}. It is clear that [S] ∈ H2(M) and ‖S‖Th = 0. Since the metric
on M is the Euclidean metric, it is clear that a harmonic 1-form dual to S
is dz. Since |dz| = 1 and M has unit volume, we have ‖dz‖L2 = 1 and the
1.3 fail. One can construct many similar examples, where ‖ · ‖Th fails to be a
genuine norm and instead is only a semi-norm, and the work lies in showing
the Thurston norms vanish for some of the nontrivial classes.
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CHAPTER 3
MINIMAL SURFACE AND LEAST AREA
NORM
In this section, we discuss minimal surfaces and their properties in orientable
closed and cusped hyperbolic 3-manifolds. A closed surface is minimal if its
mean curvature is 0. Denote ν the unit normal vector field on a surface S
with trivial normal bundle. Identify a normal vector field X = fν, where f
is some smooth function. The stability operator L is defined as
Lf = ∆Sf + |σ|2f +RicM(ν, ν)f. (3.1)
where RicM is the Ricci tensor of the ambient manifold M , σ is the sec-
ond fundamental form on the surface S, and ∆S is the Laplacian operator
restricted to the surface. The definition of stability is from Colding and
Minicozzi [32]. A minimal surface S is stable if for all compactly supported
variations F with boundary fixed,
d2
dt2t=0
Area(F (S, t)) = −
∫
S
〈Ft, LFt〉dA ≥ 0
It is equivalent to the stability operator being negative semidefinite. A least
area surface in a homotopy class is necessarily stable, but not vice versa. Let
M be an orientable closed hyperbolic 3-manifold. A least area surface F ⊂M
with genus g ≥ 2 in its homotopy class satisfies the following inequality
from Hass [33, Lemma 6] and Collin, Hauswirth, Mazet and Rosenberg [34,
Remark 3]:
2π(g − 1) ≤ area(F ) ≤ 4π(g − 1) (3.2)
The left-hand side comes from the stability of F in a hyperbolic 3-manifold,
while the right-hand side merely comes from the Gauss equation for a mini-
mal surface. The regularity and properties enjoyed by a stable minimal (or
least area) surface are in tune with Mostow rigidity for hyperbolic mani-
folds, in that its area can be determined by its topology. The existence of
least area surface representatives in the homotopy class of [S] ∈ H2(M) for
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M compact is well-understood and can be approached by different meth-
ods, from the geometric measure theory by Federer [35] as early as 1969,
the relatively geometric arguments of Freedman, Hass and Scott [36] and
the analytic arguments in Sacks and Uhlenbeck [37]. The existence of least
area incompressible closed surfaces in the cusped setting requires techniques
not from usual minimizing techniques from the compact cases in Schoen and
Yau [38], and was recently settled by Huang and Wang [20] and by Collin,
Hauswirth, Mazet and Rosenberg [34], [39]. While M is topologically com-
pact with boundary, it is geometrically non-compact and the surfaces can
enter the cusps arbitrarily deep. Cusps share some similarity with short
tubes as they can be foliated by Euclidean tori. This foliation is useful in
some area estimates for cut and paste arguments. One obstruction for a least
area closed surface to enter arbitrarily deep inside the cusp is provided by
the following argument. If the surface is sufficiently deep, the part inside the
cusp will contribute to a large area. One can cut off the cusp at a torus at
some height, obtain a surface with some boundaries components and glued
the disks coming from the cut-off torus. This can reduce the area. Similar
ideas are also used in Huang and Wang [40] to investigate minimal foliation
questions on hyperbolic 3-manifolds fibering over S1. Now the question is
whether such an argument can provide us with uniform control on the closed
incompressible surfaces in cusped M , independent of the surfaces. This is
the content of:
Theorem 3.1. [20, Corollary 1.2] Let S be a closed orientable embedded
surface in a cusped hyperbolic 3-manifold M which is not a torus. If S is
incompressible and non-separating, then S is isotopic to an embedded least
area minimal surface.
3.1 Truncation of M and the definition of Mτ
Recall that a surface S ⊂M dual to α is called taut if the surface S realizes
‖α‖Th, is incompressible, and no union of components of S is separating. For
the proof of the main theorem we are interested in estimating norms of α ∈
H1 and thus we will always assume the dual surface S is taut. For H1(M) ∼=
Im(H2(M) → H2(M,∂M)), we will show there is a compact manifold Mτ
with flat toroidal boundary, containing all the least area surfaces dual to
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H1(M). We now describe the construction of Mτ as in [20]. Suppose M
has k cusps. A cusp neighborhood is maximal if there are no larger cusp
neighborhoods containing it, which occurs exactly when it is tangent to itself
at one or more points. In this paper, the cusp neighborhoods are always cut
out of by geometric horotori. Denote the maximal cusp neighborhoods by
Ci = Ti × [0,∞), i = 1, . . . , k (here the coordinate on [0,∞) is the intrinsic
geometric distance from Ti × {0}). Let τ0 > 0 be the smallest number such
that each cusped region Ti × [τ0,∞), i = 1, . . . , k is disjoint from any other
maximal cusp region of M . For a constant τ ≥ τ0, let Mτ be the compact
subdomain of M defined by:
Mτ = M − ∪ki=1(Ti × (τ,∞)) (3.3)
By construction, Mτ is a compact submanifold of M with concave boundary
components with respect to inward pointing normal vectors. We lift M
to H3 with the upper half space model to extract quantitative data of the
boundary tori, essentially the translational distance corresponding to the
parabolic isometry. For each i with 1 ≤ i ≤ k, we lift M in a way so that
the horoball Hi corresponding to Ci is centered at∞, and ∂Hi = {(x, y, z) ∈
H3|z = 1}. Suppose Γi is the rank-2 parabolic subgroup corresponding to
Ci, generated by p 7→ p + ξi and p 7→ p + ηi, where ξi and ηi are non-trivial
R-linearly independent complex numbers. Now define
L0 = max{eτ0 , |ξ1|+ |η1|, . . . , |ξk|+ |ηk|} > 0 and τ = log(3L0) (3.4)
Both constants are independent of the least area surfaces. Then Mτ contains
all the least area surfaces described in Theorem 3.1 and τ is independent of
the surfaces ([20, Remark 2.3]). We have the following:
Proposition 3.2. Let α ∈ H1 be nontrivial. There is a least area represen-
tative S ∈ Im(H2(M) → H2(M,∂M)) dual to α such that S ⊂ Mτ , where
Mτ is a compact 3-manifold with toroidal boundary truncated from M and τ
is a constant independent of α.
We can now control the geometry of the minimal surface by Proposition 3.2.
Proposition 3.3. Let S be a closed, orientable, incompressible and non-
peripheral embedded surface of genus ≥ 2 in an orientable cusped hyperbolic 3-
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manifold. The least area representative F in the homotopy class of S satisfies
2π(g − 1) ≤ area(F ) ≤ 4π(g − 1) (3.5)
The proof is in [34, Remark 3].
3.2 The least area norm and the L1-norm
We are now ready to define the least area norm. We first define it with
integral coefficient, and then extend it by continuity. Denote {α ∈ H1 :
α corresponding to φ ∈ H10 (M ;Z)} by H1(M ;Z).
Definition 3.4. For α ∈ H1(M ;Z), let Fα be the collection of smooth maps
f : S → M where S is a closed oriented surface with f∗([S]) dual to α. The
least area norm of α is
‖α‖LA = inf{Area(f(S))|f ∈ Fα}
With this definition, a corollary of Proposition 3.3 is
Corollary 3.5. Let M be an orientable cusped hyperbolic 3-manifold. Then:
π‖ · ‖Th ≤ ‖ · ‖LA ≤ 2π‖ · ‖Th on H1(M ;Z) (3.6)
To bound ‖ · ‖LA by ‖ · ‖L2 , we need the following lemma. We remind the
readers that the L1-norm is merely a function on Im(H2(M)→ H2(M,∂M)) ∼=
Im(H10 (M)→ H1(M)), and in general not equal to
∫
M
|α| for α harmonic.
Lemma 3.6. For φ ∈ H10 (M ;Z), [φ] 6= 0 in Im(H10 (M ;Z) → H1(M ;Z)),
the least area norm and the L1-norm satisfy
‖φ‖LA = ‖φ‖L1
Proof. For the full proof of the case when M is closed, see [14, Lemma
3.1]. We mention some necessary changes for the non-compact case. For
φ ∈ H10 (M ;Z), the dual surface S is also smooth embedded, and can be
chosen to be contained in Mτ . We can construct a dual 1-form compactly
supported near S, whose L1 norm very close to ‖φ‖LA gives an upper bound
on ‖φ‖L1 . For φ dual to boundary-parallel tori exiting to ∞, it is clear
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that ‖φ‖LA = 0 = ‖φ‖L1 . To prove ‖φ‖LA ≤ ‖φ‖L1 it is slightly more
complicated. However this is another case where our analysis of the topology
of H1 simplifies the argument. The dual surface S is non-separating. If
φ ∈ Im(H10 (M) → H1(M)) is an integral class, by integrating φ we get a
smooth map f : M → S1 so that φ = f ∗(dt), where S1 is parameterized by
t ∈ [0, 1]. The remaining argument is identical.
With the above Lemma, the least area norm extends continuously from
Im(H10 (M ;Z)→ H1(M ;Z)) to a seminorm on all of Im(H10 (M)→ H1(M)) ∼=
H1. Let α ∈ H1, and φi ∈ H10 be a sequence of 1-forms with compact support
cohomologous to φ, as in the proof of Proposition 2.9. Now
‖α‖LA = ‖φi‖LA = ‖φi‖L1 ≤ |φi|L1 ≤ |α|L1 + ε, (3.7)
where ε→ 0 as i→∞. Thus we have
‖α‖LA ≤ ‖α‖L1 for α ∈ H1. (3.8)
The above lemma in the closed case [14, Lemma 3.1] is a manifestation
of a much more general principle, that the Poincaré duality for the closed
manifold is an isometry, when we put Lp and Lq norms on the dual vector
spaces, where p and q are Hölder conjugates. This is Bangert and Katz [41,
Remark 7.2 (1)], which we provide for the convenience for the readers:
Lemma 3.7. Let M be closed n-dimensional Riemannian manifold. The
Poincaré duality map
PD : (H1(M,R), ‖ · ‖p)→ (Hn−1(M,R), ‖ · ‖q) is an isometry.
In the case of Lemma 3.6, the above result shows that the least area norm




L∞-NORM, MAIN THEOREM AND THE
PROOF
4.1 Bounding L∞-norm by L2-norm
To prove the right-hand side of 1.5, we first need an inequality between
the L∞-norm and the L2-norm for the 1-forms. As inj(M) = 0, the right-
hand side of 1.3 becomes trivial and not interesting. In the final proof of
Theorem 1.5, we will see that the inequality between L∞ and L2-norm does
not need to hold globally on M . It only needs to hold on the surface dual to
α ∈ H1, living in Mτ . We start with several lemmas.







v(r) = 6π(r + 2rcsch2(r)− coth(r)(r2csch2(r) + 1)) (4.2)
This is [14, Lemma 4.3]. A Margulis Constant µ is a constant which gives
useful decomposition of a closed or cusped hyperbolic manifold M . There are
different definitions of a Margulis constant, and we adapt Culler and Shalen
[42, 1.0.2] as our definition. Let Γ ≤ Isom+(H3) be a discrete and torsion-free
subgroup. For any γ ∈ Γ and any P ∈ H3, define dP (γ) = dist(P, γ · P ).
A Margulis constant is a number such that the following is true: for any
P ∈ H3, if x, y ∈ Γ such that
max(dP (x), dP (y)) < µ (4.3)
then x and y commute. A Margulis constant gives rise to a thick-thin de-
composition: M = Mthin ∪Mthick where
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Mthin = {m ∈M |injm < µ/2} and Mthick = {m ∈M |injm ≥ µ/2}.
We call Mthin the thin part and it is a disjoint union of Margulis tubes and
rank-2 cusps. When H1(M) 6= 0, µ = 0.29 is a Margulis constant by [42].
We need a covering lemma when we pullback the 1-forms and do analysis in
the universal cover:
Lemma 4.2. Suppose M is an orientable cusped hyperbolic 3-manifold with
Margulis constant µ, and ε := min{inj(Mτ ), µ/2}. Let π : H3 → M be the
universal covering map. If B̃ ⊂ H3 is a ball of radius µ/2, then
max|B̃ ∩ π−1(q)| ≤ (1 + 2 sinh(µ/4)
ε
)2 (4.4)
where q ∈Mτ .
Proof. If ε = µ/2 or q ∈Mthick then max|B̃ ∩ π−1(q)| = 1 and the inequality
is trivial. If q is in some short tube, then it is proved by a worse case
scenario analysis as in [14, Lemma 4.4], where at most µ
ε
copies of short
tubes lie in the ball B̃. Thus we only need to work on the new ingredient,
when q is in a component of the truncated tori. Fix a torus component
T = Ti = ∂Ci in ∂Mτ . Let m ∈ Mτ be a fixed point. A small ball B(m)
can be disjoint from ∂Mτ , or intersect Mτ in a truncated ball such that the
pullback of the intersection in H3, using upper half space model, looks like
Figure 4.1. The horizontal line segment corresponds to the horosphere T̃
Figure 4.1: Partial ball centered at p intersecting ∂Mτ
covering T , the black arc under T corresponds to the pullback of B ∩Mτ
and p is a point in π−1(m). Since m is in a cusp component C of the thin
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part, we have (π1M · p)∩ B̃µ/2(p) = (π1Ti · p)∩ B̃µ/2(p). If a point q belongs
to B(m) ∩Mthick, then max |B̃ ∩ π−1(q)| = 1. If q ∈ B(m) ∩Mthin, then
max |B̃ ∩ π−1(q)| = |(π1T · q̃) ∩ B̃µ/2(p)|, where q̃ ∈ π−1(q). By change
of coordinates, p = (0, 0, 1). The orbit of q̃ under π1T ∼= 〈ξi, ηi〉 ∼= Z2
are horizontally translated copies of itself, with a fundamental domain a
parallelogram mapping onto T . Define a constant
ν := min
i
{the length of shortest nonzero vector in 〈ξ1, η1〉, . . . , 〈ξk, ηk〉}
(4.5)
where {ξi, ηi} are the generators of the parabolic isometry group for the cusp
Ti used in Equation (3.4). The constant ν satisfies ν ≥ ε. A vertical slice of B̃
looks like Figure 4.2. Here A = (0, 0, eµ/2) and B = (0, 0, e−µ/2). We use the
Figure 4.2
hyperbolic distance formula on the z-axis, that dhyp((0, 0, e




= µ. Now consider q ∈ B(m)∩Mthin. The quantity max|B̃ ∩π−1(q)|
is achieved when q̃ ∈ {z = eµ/2+e−µ/2
2
}, which corresponds to the horizontal
great disk D of B̃(p). The Euclidean radius of D is r = sinh µ
2
. As we merely
need an upper bound on the number s of the lattice points enclosed in D, we
cover each lattice point by a disk of Euclidean ν/2 and the interior of these
disks are all disjoint (the idea of ν
2
-net). We cover D by a larger disk with
radius µ+ ν/2 to encompass lattice points very close to the boundary. Now








which is inversely proportional to ν. We use µ = 0.29 and 2 sinh(µ/2) ≈
0.291017 < 0.292 to get an explicit upper bound, but any Margulis constant
< 0.29 works as well. When ε ≤ ν < µ/2, we have
µ
ε













)2} ≤ (1 + 0.292
ε
)2
where we use ν = inj(∂Mτ ) ≥ ε = inj(Mτ ).
Lemma 4.3. For an orientable cusped hyperbolic 3-manifold M , we have






}‖ · ‖L2 on H1. (4.7)
Proof. If H1 = 0 there are no nontrivial L2 harmonic 1-forms. Assume
H1 6= 0. Setting µ = 0.29 and ε = inj(Mτ ), there are two cases depending on
how ε compares to µ/2. The easy case is when ε ≥ µ/2. Here the universal
covering map π from H3 to M restricted to Bµ/2 is injective and we do not
need to appeal to Lemma 4.2. Let m ∈ Mτ be a point where
∣∣φm|Mτ ∣∣ is
maximal, which could be located near or at the boundary tori of Mτ . Set
φ̃ = π∗(φ). Fix a ball Bε(p) where p ∈ π−1(m). M is not closed but has
a complete metric. The L2-harmonic form φ on M with a complete metric
is also closed and coclosed (see Kodaira [43] and de Rham [23]). Its lift φ̃
also share those properties and since H3 is contractible, φ̃ = df for some
f : H3 → R. It is easy to see by computations that f is harmonic. Using
Lemma 4.1 we have












ε/v(ε) < 3.5 < 5. If ε ≤ µ/2, we have to take into account
duplicate computations in H3 for the pullback form φ̃. Similarly,
























4.2 Main theorem and the proof
This section is devoted to the proof of
Theorem 1.5 For all cusped orientable hyperbolic 3-manifolds M one has
π√
vol(M)






}‖ · ‖Th on H1,
where τ is defined in 3.4.
Here we presented a proof whose argument is similar to [14] using local
estimates and properties of minimal surface in hyperbolic 3-manifolds. Let
α ∈ H1. For the left-hand side, it is a simple application of Cauchy-Schwarz
inequality.
Proof. Let α ∈ H1. By Corollary 3.5 and 3.8 we have






‖α‖Th ≤ ‖α‖L2 .
Now we prove the right-hand side. By continuity of the norms, it suffices
to prove for the integral coefficients. For the closed case, the remaining
argument is the following. Fix a closed surface S dual to α of area at most
2π‖α‖Th, and α is the harmonic representative of φ. By Poincaré duality that∫
M
β ∧ φ =
∫
S
β for every closed 2-form β. In the closed case, the harmonic




α ∧ ∗α =
∫
M














≤ ‖α‖L∞Area(S) ≤ 2π‖α‖L∞‖α‖Th,




∗α for α ∈ H1.
The remaining part of the proof is similar to the closed case. Note that we
only need to bound the L∞-norm on the surface S ⊂Mτ .
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CHAPTER 5
SHARPNESS OF THE INEQUALITIES
AND A FUNCTIONAL POINT OF VIEW
In this section we assume the manifold is closed in 1.3, unless noted otherwise.
We only study the left-hand side. The right-hand side for both closed and
cusped M is not sharp and will be investigated in the following papers.
5.1 Three conditions for the sharpness and their
interactions
Proposition 5.1. To achieve equality in
π√
vol(M)
‖·‖Th ≤ ‖·‖L2 on H1 or H1,
we must have the following three conditions:
1. From the use of Cauchy-Schwarz inequality in the last step, that |α|p = c
on M .











The second condition is that |α|L1 = ‖φ‖L1.
3. Area(S) = πχ−(S) or
∫
S
L1 = 0 or
∫
S







1, where σ is the second fundamental form associated to S
with components h11, h12, h21, h22.
The proof of the above proposition is just bookkeeping, see the proof of
[14, Theorem 1.2, 3.2]. The condition 1 seems unlikely, as it is more realistic
to expect such a property on a product manifold, for example, dz on 3-torus
T3 glued from unit cube in the Euclidean space. The condition 2 also seems
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unlikely, as commented in [14], ‖φ‖L1 is typically realized by a non-smooth
form, supported like a Dirac measure around the surface. The condition 3 is
related to some open conjectures on homological 2-systoles of the hyperbolic
3-manifolds, that classifying such manifolds into those whose homological
2-systole achieved the theoretic lower bound coming from topology and sta-
bility. We show that condition 1 cannot hold. Our first observation is that,
surprisingly, Condition 1 implies 2 and 3 in Proposition 5.1.
Proposition 5.2. Let M be a closed orientable hyperbolic 3-manifold. If
α is a nontrivial L2 harmonic 1-form with constant length, dual to a closed
surface S, then
Area(S) = πχ−(S)




∆(|α|2) = |∇α|2 − 2|α|2 =⇒ |∇α|2 = 2|α|2 = 2c2
As a closed form, locally α = df . Denote ∇f = V . Since |V | = |α| is
constant, we have for all vector fields W on M ,
0 = 〈∇WV, V 〉 = Hess(f)(W,V )
The Hessian of f Hess(f) = {hij} is a symmetric 3× 3 matrix, with first two
columns corresponding to tangent vectors to S, and last column to V . The
above equation implies that the last column and the last row consist of 0’s.






















The rest of the arguments are identical to the proof of Hass [33, Lemma 6].
Using the Gauss-Bonnet theorem, the Gauss formula and the fact that the




12 = −2πχ(S) +
∫
S
−1 = −Area(S)− 2πχ(S)
which gives Area(S) = −πχ(S) = πχ−(S).
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The proof above is partially inspired by the proof of Stern [44, theorem
1.1]. Now we prove that the condition 1 implies 2 on a general Riemannian
manifold. This is a straightforward corollary of Katz [45, Proposition 16.9.1].
There whether ‖ · ‖L1 on H1 is realized by a smooth form is not investigated.
Proposition 5.3. Let M be a closed Riemannian n-manifold. Let α be a
nontrivial harmonic 1-form with constant length. Then it realizes the L1-
norm in its cohomology class.
Proof. From [45, Proposition 16.9.1], we have that existence of a nontrivial


















Thus ‖α‖L1 = c · vol(M) = |α|L1 .
In contrast to the closed hyperbolic 3-manifolds, in the 3-torus, the incom-
pressible 2-torus as in Figure 2.3 gives rises to a dual harmonic 1-form dz
which realizes its least area and hence its L1-norm.
5.2 Proof of non-sharpness using harmonic 1-forms
and minimal foliations
Now we verify our intuition about constant length harmonic 1-forms: such
forms should not be expected in hyperbolic manifolds. Manifolds all of whose
harmonic (1-)forms are interesting in their own right, and have connections
with systolic geometry, see Nagy and Vernicos [46] and citations therein.
Proposition 5.4. Let M be a closed orientable hyperbolic 3-manifold. Any
nontrivial harmonic 1-forms does not have constant length.
Proof. Using Mazet and Rosenberg [47, 8.1] and Gálvez [48, Theorem 12], an
immersed stable orientable closed minimal surface S of genus g in a closed
orientable hyperbolic 3-manifolds cannot have area 2π(g − 1), contradicting
Proposition 5.2.
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One can look at the zeros of a holomorphic quadratic differential for a
slightly more direct argument for non-existence of harmonic 1-forms with
constant length. By the proof of Proposition 5.2, the existence of a harmonic
1-forms with constant length implies that the second fundamental form σS
satisfies |σS|2 = 2 on the dual surface S. By [45, Lemma 16.7.1], S is minimal.
Minimality of S and the fact that M is constant sectional curvature imply
that
σS = Re(h11 − ih12)(dz)2 = Reη (5.4)
where η = (h11 − ih12)(dz)2 is a invariantly defined holomorphic quadratic
differential. Any such differential must vanish at exactly 4g − 4 ≥ 4 points,
where g = g(S). Thus it is impossible that |σS|2 = 2 identically. There
is another proof, based on the notion of a geometric foliation and its non-
existence in closed hyperbolic 3-manifolds from Wolf and Wu [49, Theorem
1.2]. We first need a lemma which relates harmonic 1-forms with constant
length with minimal foliations [Lemma 16.7.1, 45]:
Lemma 5.5. If α is a harmonic 1-form of constant norm, then the leaves
of the distribution ker(α) are minimal surfaces, and the vector field V that
is dual to α has geodesic flow lines orthogonal to ker(α).
Another shorter proof of the above proposition is based on [50], where
Zeghib proved that there is no smooth vector field on closed hyperbolic 3-
manifold where all the flow lines are geodesic (the flow lines given by harmonic
1-forms are smooth, while Zeghib only require continuity). The foliation
described here is one of the specific examples of geometric foliation defined
in [49, Definition 1.4]:
Definition 5.6. Let S be a closed surface, ε > 0 a constant, h an embedding
h : (−ε, ε)× S →M (5.5)
We say h is a geometric 1-parameter family of closed minimal surfaces if
1. h is C2 with respect to both t and p ∈ S.
2. ∀t, the leaf ht ⊂M is a minimal surface.
3. ∀p ∈ S, f(t, p) := 〈(ht)∗(∂t), ν〉|t=0 only depends on the principal cur-
vature of S at p. One can write f(0, p) = f(0, ‖σS‖2(p)) where σS is
the second fundamental form of {0} × S at (0, p) in M .
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4. f(0, ·) : S → R is not identically 0.
Note that a harmonic 1-form α gives rise to a foliation by Lemma 5.5 with
geodesic flow line orthogonal to each leaf. This is the strongest geometric
foliation one can hope for in Definition 5.6 in which f ≡ 1. Now [49, Theo-
rem 1.4] states that in a closed hyperbolic 3-manifold there does not exist a
geometric foliation by minimal surfaces, and hence no harmonic 1-forms can
have constant length. The proof of non-sharpness is a simple corollary.




‖α‖Th = ‖α‖L2 for some α ∈ H1
The cusped case is, surprisingly, easier than the closed case, due to the
asymptotic estimate near infinity. To achieve equality, the same arguments
imply that we still need to satisfy the three conditions in 5.1. The second
condition α has constant operator norm is no longer possible, as it decays
exponentially near the cusp.




‖α‖Th = ‖α‖L2 for some α ∈ H1
5.3 A functional point of view
In this section, we define two functionals Di and Ds on the collection Ψ :=
{Closed or cusped orientable hyperbolic 3-manifolds}. It unifies various phe-
nomena in the last section and in [14] and allow us to ask new interesting













The left-hand side of 1.5 and the rigidity discussed in the last section can be











for closed and cusped M , respectively. Thus 0 < Di ≤ Ds. Summarizing
both sides, we have
0 < Di ≤ Ds < 1 on Ψ (5.8)
Which functional is stronger in a statement depends on whether we are in-
terested in behaviors near 1 or near 0. Note that when b1 = 1, Di = Ds.
We simply use D to refer to either Di or Ds when it is not very impor-
tant to choose one over the other. Using an algorithm, Dunfield and Hirani
[51] found examples of fibered hyperbolic 3-manifolds where D = 0.95 and
D = 0.994, which is very surprising (not every fibered manifold satisfies this
property). The rigidity is realized by a product metric in Bray and Stern
[17], so it is natural to conjecture that
Conjecture 5.9. There exists an ε > 0 such that {M |Di(M) > 1−ε}={fibered
hyperbolic 3-manifolds with some special geometry} and that there exists a se-
quence of closed Mi such that Di(Mi)→ 1.
We are also interested in the behavior of D(Mi) < ε, where ε is a small
positive number. We first incorporate a theorem in [14] into a behavior of
the functional.
Theorem 5.10. ([14], Theorem 1.4) There exists a sequence of Mn and
φn ∈ H1(Mn;R) so that
1. The volumes of the Mn are uniformly bounded and inj(Mn) → 0 as
n→∞.
2. ‖φn‖L2/‖φn‖Th →∞ like
√
− log(inj(Mn)) as n→∞.
The Mn above comes from the Dehn filling on the complement of the link
L = L14n21792, all with Betti number 1. It can be rephrased in terms of D:
Corollary 5.11. There exists a sequence of Mn from Dehn filling the com-
plement of a link so that
34
D(Mn)→ 0
One can ask how to classify all sequences of Mn such that D(Mn) → 0.
One could take finite covers, as the following theorem shows that taking finite
cover bound Di from above:
Theorem 5.12. ([14], Theorem 1.3) There exists a sequence of Mn and
φn ∈ H1(Mn;R) so that





The proof uses the fact that the lift of a harmonic representative is also
harmonic, and hence ‖π∗(φ)‖L2 =
√
d‖φ‖L2 , where d is the degree of a fixed
cover π : M̃ →M . The Thurston norm scales linearly, by a deep theorem of
Gabai [52, Corollary 6.13]: ‖π∗(φ)‖Th = d‖φ‖Th. Thus we have
Corollary 5.13. Let M̃ be a finite cover of M . Then
Di(M̃) ≤ Di(M) ≤ Ds(M) ≤ Ds(M̃) (5.9)
Due to the structure of Ψ, we expect most values of D to be discrete, with




BACKGROUND FOR EIGENVALUES OF
GEOMETRICALLY FINITE MANIFOLDS
WITH INFINITE VOLUME
In this section we introduce several definitions and properties that will be
used later. Let M be an oriented geometrically finite hyperbolic manifold of
dimension n ≥ 3 with infinite volume, whose cusps are of maximal rank.
1. Rayleigh Quotient:
For a smooth square integrable function f on M , the Rayleigh quotient







In the following sections we assume f is not identically zero.
2. Min-max Theorem for Self-Adjoint Operators
The Laplacian operator acting on functions on M is a self-adjoint op-
erator by Hislop [53]. Min-max characterization of the eigenvalues of
a possibly unbounded operator can be useful when we have some in-
equalities regarding eigenvalues or eigenfunctions. It will also be used
in a critical way when we restrict eigenfunctions on M to its core M̃ .
We only study discrete eigenvalues < (n−2)
2
12
, and they are below the
essential spectrum (see Theorem 2.12 of [53]). The following Min-max
theorem as in Teschl [54] is used later:
Theorem 6.1. Let A be a self-adjoint operator, and let λ1 ≤ λ2 ≤ λ3 ≤ · · ·
be the eigenvalues of A below the essential spectrum. Then
λn = min
ψ1,...,ψn
max{〈ψ,Aψ〉 : ψ ∈ span(ψ1, . . . , ψn), ‖ψ‖ = 1}.
where ψi is in the domain of A. If we only have N eigenvalues, then we
let λN := inf σess(A) (the bottom of the essential spectrum) for n > N ,
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and the above statement holds after replacing min-max with inf-sup. In
our case for a normalized function, 〈f,∆f〉 =
∫
M
‖∇f‖2 = R(f), the
Rayleigh quotient.
3. Thick-thin Decomposition for Geometrically Finite Manifolds with In-
finite Volume :
Let M be a geometrically finite hyperbolic manifold M of dimension
n ≥ 3 with infinite volume. Denote by ε = ε(n) > 0 the Margulis con-
stant. Mthin denotes all points of M whose injectivity radius inj(x) ≤ ε
while Mthick = {x|inj(x) ≥ ε}. In our case, Mthin is a finite union of
Margulis tubes and cusps with finite volume. Mthick will be decomposed
into two parts: M̃ and neighborhoods of geometrically finite ends with
infinite volume which grows exponentially.
4. Core M̃ and Metric Structure in its Complement:
The descriptions and properties of metric on cusps and tubes are rela-
tively standard. Notations and descriptions are from Hamenstädt [55]
and [56].
(a) Cusp
A cusp T is an unbounded component of Mthin. It corresponds to
the quotient of a horoball under the action of a parabolic subgroup
Γ. A cusp of maximal rank corresponds to a parabolic subgroup
of rank n−1. Such a cusp is naturally disjoint from the ends with
infinite volume of M , which is not true for intermediate rank cusps
with infinite volume. The metric structure on T can be described
as follows:
The subgroup Γ stabilizes a horosphere H in the universal cover X
of M . T is diffeomorphic to H/Γ×[0,∞) with the diffeomorphism
mapping each ray z × [0,∞) to a geodesic in T . Denote by dx
the volume element on H/Γ of the restriction of the Riemannian
metric on M ; then the volume form ω on T can be written in the
form of ω = e−(n−1)tdx ∧ dt.
(b) Margulis Tube
A Margulis tube T is a bounded tubular neighborhood of a closed
geodesic γ in M of length l < 2ε, where ε is the Margulis constant.
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The geodesic γ is called the core geodesic of the tube. For the
metric and computations, we use Fermi coordinates adapted to
γ. We start by fixing a parametrization of γ by arc length on
the interval [0, l). Let σ be the standard angular coordinates on
the fibers of the unit normal bundle N(γ) of γ in M obtained by
parallel transport of the fibre over γ(0) (this unit normal bundle
is an Sn−2-bundle over γ). Let s be the length parameter of γ
and let ρ ≥ 0 be the radial distance from γ. Via the normal
exponential map, these functions define coordinates (σ, s, ρ) for
T − γ, defined on N(γ) × γ × (0,∞). In these coordinates, the
maps ρ → (σ, s, ρ) are unit speed geodesics with starting point
on γ and initial velocity perpendicular to γ′(σ). There exists a
continuous function R : N(γ) → (0,∞), (σ, s) → R(σ, s) such
that in these coordinates, we have T = {ρ ≤ R}. The metric on
T − γ is of the form h(ρ) + dρ2 where h(ρ) is a family of smooth
metrics on the hypersurfaces ρ = const. Up to slightly adjusting
the thick-thin decomposition and replacing Mthick by its union
with all Margulis tubes whose distance between the core geodesic
and the boundary is ≤ 1, we can assume for each Margulis tube
the radial distance is uniformly bounded below by 1.
(c) A Neighborhood of An End with Infinite Volume
The convex core is the smallest convex submanifold C(M) such
that the inclusion map C(M) ↪→ M is a homotopy equivalence.
From Bowditch [57], M − C(M) is an open subset of M with
finitely many components. The convex core C(M) need not have
smooth boundary and the boundary of an r-neighborhood of a
convex subset in a Riemannian manifold is not necessarily smooth.
The r-neighborhoods inside the geometrically finite ends are at
least C1 and we can enlarge them slightly to obtain neighborhoods
with smooth boundary. The complement of the neighborhoods in
the ends can be parameterized by R+×Ω, where Ω is a finite union
of hyperbolic surfaces. To construct the core M̃ , we take enlarged
neighborhoods of convex core in the ends, whose boundary are
smooth and at least distance r away from the boundary of the con-




We then remove all the cusps and Margulis tubes and perturb the
boundary slightly to make it smooth, using ideas from Buser, Col-
bois, and Dodziuk [58]. What we have now is M̃ , which intuitively
is a neighborhood of the thick part intersecting with the convex
core. We have chosen r above so that some critical estimates on
the eigenvalue will work.
5. Shell Estimates
Intuitively, for a cusp or tube, a shell is a subset whose points have
small distance to the boundary of a cusp or tube , for example, less
than or equal to 1. The Margulis constant ε(n) can be chosen so that
the shell of each component of thin part is also contained in the thick
part, and we will henceforth suppose that this is the case. It is equiva-
lent to slightly enlarging the thin part. Shell estimates refer to a set of
prescribed conditions on functions on shells, so that useful conclusions
can be drawn, such as inequalities involving the functions or their gra-
dient. Shell estimates appeared in the literature of discrete spectrum of
hyperbolic or negatively curved manifolds for the first time in Dodziuk
and Randol [59] as Lemma 2, which we record here for convenience. It
is a prototype of an argument that we use several times later.
Lemma 6.2. For each n, there exists a constant δ > 0 such that if T
is a thin component of M with shell S, and if f is a function defined
















‖∇f‖2 > (c/2)((n− 1)/2)2.
This lemma is used later in Dodziuk [59] to provide a lower bound for
the first eigenvalue in the hyperbolic case. Shell estimates are also used
in [55] in a critical way to provide a converse inequality to Theorem
1 for hyperbolic 3-manifold with finite volume. We will use the shell
estimates later to facilitate the argument for some inequalities.
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CHAPTER 7
BOUNDING SMALL EIGENVALUES FROM
BELOW
7.1 Proof of the main theorem
Recall our goal is to understand the relationships between the eigenvalues
of the manifold M and eigenvalues of the core M̃ . Compared to the core,
its complement has concrete and simpler geometry for computations, which
is not too different from warped products. It consists of Margulis tubes,
finite volume cusp and neighborhoods of geometrically finite ends with in-
finite volume. Works about functional inequalities on the tubes and cusps
have been done by Dodziuk and Randol in [59]. Then we use the inequalities
to establish the relationship between eigenvalues of the manifold and those
of the core. We start by considering components of geometrically finite ends.
In general, the metric on the end, which is exponentially expanding, is only
quasi-isometric to cosh2 tds2∂C1(M) + dt
2 where ds2∂C1(M) is a hyperbolic met-
ric on the boundary of 1-neighborhood of the convex core (see Canary [60]
and Lott [61]). The eigenvalues under quasi-isometry has certain stability
behavior, but depends on the constant of the quasi-isometry (see comments
under Lemma 2.2 of Colbois and El Soufi [62]).
Lemma 7.1. Let Cr(M) denote the closure of the r-neighborhood of the
convex core, T a component of M − Cr(M), that is a neighborhood of a
geometrically finite end with infinite volume. Let f be a smooth function
with compact support on T. Then∫
T











f 2 of all such functions on T is bounded below by (n−1)2(tanh r)2/4,
which is equivalent to the desired inequality.
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We can apply the above formula in our case, as in its proof a lower bound
for the growth of metric in terms of distance to the boundary of convex core
is provided, which is local. As long as we are distance r away from the
boundary, the same estimate works.
Next we consider the thin parts. For Margulis tubes and finite volume
cusps, we rewrite the concluding inequality of Lemma 2.3 of [55] as lemma 7.2
to suit us later.
Lemma 7.2. Suppose T ⊂Mthin is a Margulis tube or a cusp with boundary














For a proof, see Lemma 2.3 of [55]. The argument is standard by Jacobian
comparison under variation of curvatures and integration by parts.
The following inequality is taken from Lemma 1 of [59], which we omit the
proof:
Lemma 7.3. Let T be a cusp corresponding to a parabolic subgroup Γ of
maximal rank n − 1. Suppose f is a smooth function with compact support
in the interior of T . Then∫
T






The proof of the above lemma is a simple consequence of formula (3) on
page 3 from McKean [63]. We only need to show similar inequality is true in
the t direction, and then integrate over the base H/Γ.
The following proposition generalizes Lemma 2.4 of [55] with essentially
the same technique. Here comes the choice of r that we mention earlier so
that the estimates on the ends with infinite volume fit in with the estimates
of the thin part from [55].
Proposition 7.4. f : M → R is a smooth, square integrable function with
Raleigh quotient R(f) < (n− 2)2/12. Then∫
M̃






where r ≥ tanh−1 (n−2)
2
(n−1)2 (for example, when n = 3, r = 1 would suffice).
Proof. Let M∗ denote the disjoint union of all components of Margulis tubes,
cusps and neighborhoods of ends with infinite volume, say, M∗ = ∪ki=1Ti.
The union is finite for a geometrically finite manifold. For each Ti which
belongs to the thin component, denote by ri the radial distance function to
the boundary hypersurface, i.e., ri(x) = length of a radial arc connecting
x ∈ T to ∂T . For each Ti which belongs to the ends with infinite volume,
ri(x) denote the distance to ∂M̃ , the boundary of the core. In each Ti, we
consider the shell consisting of points whose distance to ∂Ti is less than or
equal to 1. Denote by A the finite disjoint union of all such shells. The thick
core M̃ = (M − int(M∗))∪A. Moreover, by reordering, we may assume that






and that for i > p, such an si does not exist. Here p could be zero, in
which case we do not appeal to use lemma 7.2. The volume element on the



















f 2 (Recall that the shells are also part of the thick core M̃).










among the p components, p1 of them are tubes and cusps, p− p1 of them are
neighborhoods of ends infinite volume. Combining lemma 7.1, lemma 7.2






























using the assumption on r. This contradicts our assumption on the Rayleigh





























































As A ⊂ M̃ , this contradicts the assumption on f . The lemma follows.
Now we are ready to complete the proof of our main theorem, the argument
is essentially the same as [55] for the finite volume case.
Theorem 7.5. Let M be an oriented geometrically finite hyperbolic manifold
M of dimension n ≥ 3 with infinite volume. Then for all k ≥ 0, we have




Proof. Let M be an oriented geometrically finite hyperbolic manifold M of
dimension n ≥ 3 with infinite volume. By Theorem 2.12 of Hislop [53],
in the interval [0, (n−2)
2
12
), M has at most finitely many eigenvalues with fi-
nite multiplicity. The idea of the proof is that the projection of the first k
eigenfunctions to some function space H(M̃) is nondegenerate and span a
k-dimensional subspace for H(M̃). Applying Min-max theorem and propo-
sition 7.4 gives the result.
Let H(M) (resp. H(M̃)) be the Sobolev space of square integrable func-
tions with square integrable weak derivatives on M (resp. M̃ , M̃ has smooth
boundary by construction). Here the weak derivative of a function f on M̃
is a vector field Y so that∫
M̃





for all smooth vector fields X on M̃ with compact support in the interior
of M̃ . The class H(M̃) contains all functions smooth in the interior of and
up to the boundary of M̃(see page 14 to 17 in Chavel [64]). Let k > 0
be such that λk(M) < (n − 2)2/12. We construct a k-dimensional linear
subspace of the Hilbert space H(M) which correspond to the direct sum of
the first k eigenspaces. Denote by Ej the eigenspace corresponding to λj and
E =
⊕k
j=1Ej. If the kth eigenvalue is not simple (has multiplicity more than
1), we have to choose among all the eigenspaces corresponding to λk but our
choice will not affect later arguments.
Now to relate eigenvalues M̃ to M , we consider the projection/restriction
map π : H(M) → H(M̃). Since smooth functions are dense in H(M) and
H(M̃), π is a one-Lipschitz linear map. Denote π(E) by W . Now we use
lemma to show that π is non-degenerate, i.e., the dimension of W is k, the
same as that of E. Our first step is to show if there is nontrivial linear
combination of eigenfunctions whose restrictions to the core is zero, then
they must correspond to the same eigenvalue. We start with the case of
two functions. To simplify notations, assume there is a nontrivial linear
combination of f1 and f2 such that c1f1+c2f2 = 0, where fi correspond to λi.
Apply the Laplacian operator to the equation, we get c1λ1f1 + c2λ2f2 = 0.
If λ1 6= λ2 we have f1 = f2 = 0 on M̃ , contradicting Proposition 7.4.
The general case follows from induction. Now if there is a nontrivial linear
combination f := c1f1+...+ckfk = 0 on the core, all fi must correspond to the
same eigenvalue λ1 < (n− 2)2/12. Thus f is an eigenfunction corresponding
to λ1 whose restriction is zero. Contradiction.
We proceed by contradiction. Suppose there exists a normalized function
f ∈ E, s.t. the restriction of f to M̃ vanishes. But functions in E have
Rayleigh quotient < (n− 1)2/12, therefore by lemma,
∫
M̃




f 2 ≥ 1
3
,
which is impossible. It is also not possible for two distinct eigenfunctions on
M whose projections coincide on M̃ , as their difference satisfies the Laplacian
equation on M̃ and is identically zero.
As dim(W ) = k and f ∈ E we have R(f) ≤ λk(M) by min-max char-
acterization of eigenvalues. Note that both f and π(f) are smooth. Again,
using ∫
M̃





























The last inequality follows from min-max characterization of eigenvalues and
the fact that W is only some k-dimensional subspace, not necessarily the one
spanned by the first k eigenfunctions of M̃ .
7.2 Future Directions
In dimension three, using special property of Margulis tube, for finite volume
oriented hyperbolic 3-manifold M, Hamenstädt [55] proves
λk(M) ≤ c log(vol(Mthin) + 2)λk(Mthick)
for all k ≥ 1 such that λk(Mthick) < 1/96.
It is natural to ask whether it is possible to provide an upper bound for
the eigenvalues of infinite volume hyperbolic manifold in terms of the eigen-
values of the core. Moreover, many questions remain uninvestigated. What
is a pattern for the distribution of the eigenvalues below essential spectrum
of noncompact negatively curved hyperbolic manifolds? Do they distribute
relatively uniformly, or can they cluster around one point, like zero or the
bottom of the essential spectrum? Since there are finitely many, is there
an upper bound on the number of eigenvalues depending on the geome-
try/topology of the manifold? Moreover, recently, eigenvalues for differential
forms, show up in an unexpected and surprising way as a bridge to connect
Floer homology on 3-manifolds and hyperbolic geometry. See Lin [16] and
the reference therein. While monopole Floer homology is notoriously hard
to compute directly, using eigenvalues of forms to mediate between geome-
try and Floer homology seems to be elegant, practical, and can see lots of
potential use in the future. Unfortunately, such immediate and important
applications of eigenvalues on forms have not seen the counterpart for eigen-
values for functions. It will be interesting to develop a stronger connection
between such eigenvalues and the underlying hyperbolic geometry.
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